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For five vertices there are four graphs with seven edges and two graphs with eight edges. For 
all these six graphs the exact Ramsey numbers are given. Hence, for graphs with at most five 
vertices only the Ramsey number of the complete graph KS remains unknown. 
For graphs G and H the Ramsey number r(G, W) is defined to be the least 
number p such that every 2-coloring (say green and red) of the edges of the 
complete graph KP contains either a subgraph G with all its edges green, or a 
subgraph M with all its edges red. The diagonal Ramsey numbers r(G, G) = r(G) 
for G = K,, are of particular interest. The values r(&) = 6, and r(&) = 18 are 
well known, but r(K5) is still unknown; all that is presently known is th:at 
42 < r( KS) s 55. 
If the numbers r(G) are considered only for graphs G with at most five 
vertices, then for all G with at most six edges the Ramsey numbers are listed in 
[ 11. For nine edges only one graph, KS - e, exists, and t( KS - e) = 22 recently was 
proved in [3]. For ten edges r(K5) remains open. Thus it remains to consider 
(except for KS) only graphs with seven or eight edges (Figs. 1 and 2). It will be 
seen that the corresponding Ramsey numbers are: 
r(H,) = 10, r(&) = 10, r(H3) = 14, r(H,) = 18, 
r(H5) = 15, r(H6) = 18. 
That r(H,) = 14 is already known [8]. It is the purpose of this paper to give the 
proofs of the remaining five Ramsey numbers. It should be noted that 
very recently has sent an unpublished table, where all but 9 values r
and H with five vertices are listed without proofs, and which conta 
values. Moreover, in [S] a hint was given to an announcement 
14 s r(H5) s 15 of Bondy and Chvaital; however, a proof see s not to have been 
published so far. 
A similar number in this context Es r,(S), whit 
such that every 2-coloring of the edges of 
subgraph of the set of all graphs wit 
r,(5) = 10, and r,(5) = 14 were 
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Fig. 1. All graphs with five vertices and seven edges. 
Since H1 and Hz both contain a KS - e as a subgraph, T(& - e) = 10 (see 
[2]) implies r(H,) 2 10, and r(&) 2 10. The proof of “SW’ is partitioned into 
Lemmas 1 to 3. 
emma 1. Any 2-coloring of Klo with a monochromatic K4 contains monochro- 
matic graphs HI and Hz. 
Let 1,2,3,4 be the vertices of a green K4 in a 2-coloring of K,,+ Two 
green edges from one vertex of 5; 4, . . . , 10 to the green K4 yield a green HI, and 
a green Hz. TINS, there are at least three red edges from each of vertices 
$4, . a . , 10 to the green K4, so that one vertex, say 1, has at least 5 red edges, 
say to a subgraph P; with vertices 5,4, . . . , 9. No green 4-spoked wheel WS in F 
can occur s.ince G1 and Gz both are subgraphs of lY& From this, it is immediate 
that F contains a red P3, say with red edges (5, 6j and (4,7). Finally, one vertex 
of 2,3,4 exists with red edges to 5 and 7, and this yields a red HI, and one vertex 
of 2,3,4 exists with red edges to 5 and 4, and this yields a red Hz. 
In the following, r(v) and g(v) denote the numbers of red and green edges 
incident o a vertex r~ in a 2-coloring of a graph. Moreover, G,, and R, will denote 
the subgraphs induced by those vertices joined to r_~ by green and red edges, 
respectively. 
a 2. Any 2-coloring of KIO with r(v) a 4, or g(v) 2 4 for some vertex v 
contains monochromatic graphs HI and Hz. 
ithout loss of generality, g(v) 2 4 can be assumed. 
41p,): In the subgraph [1,2, s . . , 4] of GV either a red Hz, or a green P3 exists  say 
(1,2,3), where (1,3) is red (Lemma 1). In [4,5,6] at least one edge is red 
r=18 
Fig. 2. All graphs with five vertices and eight edges. 
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(Lemma 1). Vertices 4,5,6 are connecte only in red to 1 and 3 to avoid a green 
H., Then, however, a red Hz occurs. 
(RI,): In any 2-coloring of K10 consider a subgrqh F = [ 1,2, . . . ,7] containing 
at least 6 vertices of GU. 
Case 1. There exist& in a green cycle Ci, 3 G i S 7. 
(1 1) . i = 4: A green C4 in F yields a green HI. 
(12) i=3: A green C3= [l, 2,3] with (v, 2) and (v, 3) green forces (v, 1) red 
(Lemma 1). Then only red edges from 1 to [4,5,6,7] avoid a green HI_ In 
[4,5,6,7] eirher a green CI, occurs, or a red P3 with red edges (4,5) and (5,6) can 
be assumed. Lemma 1 forces (4,6) to be green. If both edges from 2 CT 3 to 4 and 
6 are red, then a red HI occurs, otherwise a green HI is guaranteed. 
(13) i = 5: If neither a green C3 nor a green C4 occur in F, then a green C5 
forces a red CS as its complement; moreover, each of the remaining two vertices 
of F has at least 4 red edges to the vertices of the green and red CS. Then a red 
HI is guaranteed. 
(1.4) i = 6: In F with neither a green C3, Cd nor CS all diagonals of a green Ch, 
so as at least 5 edges from the vertices of this C6 to the remaining vertex of F, 
have to be red. Thus F contains a red HI. 
(1.5) i = 7: All diagonals of a green C, in F with neither a green C3, CG nor c5 
have to be red, so that a red HI occurs. 
Case 2. No green cycle occurs in F. 
One vertex, say 1, exists with g(1) s 1. Let [2,3,4,5,6] be connected only red to 
1. No green C3 and no green C5 imply a red C3 in [2,3,4,5,6]. Together with 
vertex 1 a red KS occurs, and a monochromatic HI follows by Lemma 1. 
Lemma 3. Any 2-coloring of t. -* with g(v) s 5 and r(v) s 5 for all vertices v 
contains monochromatic graphs ffI and Hz. 
Proof. There are (7) - 10+4=4 =20 monochromatic triangles in any 2-coloring 
of &o, if g(v) = 5 and r(v) = 4, or g(v) = 4 and r(v) = 5 for all vertices v. Thus 
one vertex w exists which is a vertex of at least 6 monochromatic triangles, which 
means that the numbers of green edges in G, and of red edges in R, are together 
at least 6. It can be assumed g(w) = 5, r(w) =4, GW = [I, 2, 3,4,51, and 
R, = [6,7,8,9]. 
Case 1. There are at most 3 green edges in G,,,, and therefore ese ka3:! 3 red edges in 
R W’ 
w contains a red CS or a red C4: 
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(1.2) R, contains agreen triangle, and a red &: kt 7,8,9 be the vertices of the 
green triangle in R,. 
In Gw a green P3 exists, since otherwise a red HI, and a red Hz occur. Let (1,2) 
and (2,3) be green edges, then (1,3) is red, or Lemma 1 guarantees monochro- 
matic graphs HI and Hz- 
At least one edge from 2 to 7,8,9, say (2,7), is red, otherwise a green K4 
occurs (Lemma 1). If (2,6) is red, then a red Hz is fixed and r(6) ~5 implies 
(1,6) and (1,3) green, which means a green Ht. If, however, (2,6) is green, then 
g(2) < 5 forces (2,8) or (2,9) red and hence a green Hz. 
(1.3) R, contains a green P4 and a red P4: A red Hz is fixed at once. 
As in (1.2) a green P3 exists in G,,,, and again it can be assumed (1,2) and (2,3) 
green and (1,3) red. If there is no third green edge in G,,,, or if the third green 
edge is (4,5), then a red Hi exists in G,,,. If the 3 green edges of G,,, are those of a 
K1 3, then a red K4 occurs in G,,, (Lemma 1). It remains that the 3 green edges are 
those of a Ps, and (3,4) can b< assumed to be the third green edge. If now 2 and 
3 are both connected red to 7 and S, then avoidance of a red Hi forces a green’ 
I& = [2,3,6,9] (Lemma 1). Thus f2,7) can be assumed to be green, which 
implies (4,7) red, (3,7) green, and Cl, 7) red, if monolzhromatic graphs H1 are 
avoided. At last (5,7) red yields a red & (Lemma l), and (5,7) green determines 
a green Hi in [w, 2,3,5,7]. 
Case 2. There are at least 4 green edges in G,,,. 
contains a green cycle Cit 3 i 6 6 5: A green C3 yields a green K4 
en C4 determines a green HI and a green Hz. A green C5 in G,,, 
at once, and avoidance of a green C4 also forces a red C5 in G,,,. 
3,4), (4,5), (1,5) be the edges of the green Cs- 
t least one edge in R,, say (6, 7), is red. Any vertex of R, is connected by at 
most 2 green edges to 2 vertices of G,,, which are connected by a green edge, since 
otherwise agreen HI occurs. Vertices 6 and 7 each has at most 3 red edges to G,,,, 
if a red H, is avoided. If a reci K4 (Lemma 1) and a red Hl are avoided, it can be 
assumed (1,6), (2,6), (3,7), (4,7) are green, and the remaining edges from 6 and 
7 to G,,, are red. Since r(6) s 5, it follows that (6,8) and (6,9) are both green. To 
avoid a red H1 the edges (5,8) and (5,9) are green. If one edge of the triangle 
[l, 8,9] is green, then a green H1 occurs in [1,5,6,8,9]. Finally a red triangle 
[l, 8,9] yields a red Hi in [w, 1,7,8,9]. 
(2.2) The green subgraph of G,,, is a tree: It follows that there are exactly 4 green 
edges in 6,. ’ 
f the green tree is a Ki 4, then a red K4 occurs (Lemma 1). 
f the green tree contaihs a K 1,3, say (1,2), (1,3) and (1,4) are green, 
then (4,5) can also be assumed to be green, and the remaining edges of G,,, are 
is already fixed. Since r(5) a 4, it can be assumed (5,6) is 
a 1) 
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(2.2.3) Ia remains, that the green tree is a , say (1,2), (2,3), (3,4) an4 (4,5) 
are green. A green I& is guaranteed. Since g(3) 3 4, it can be assumed (3,6) is 
green. Avoiding a green HI, it foPPow (1,6) and (5,6) are red, and either (2,6) 
or (4,6) is red. In both cases, however, a red Hi occurs. 
eopem 2. r(H,) = 15. 
of. The lower bound Y(&) > 14 follows from the 2-coloring in Fig. 3, where 
only the green edges are drawn. It is easily seen that no green wheel WS 7 HS 
occurs, since for every vertex v the green subgraph of GV is a cycle C6, and since 
the red subgraph of R,, is a cycle Ca together with both diagonals of order 2 
incident o one vertex of that CT. 
To prove r(H5) s 15, notice first that a 2-coloring of K15 with g(v) = r(u) = 7 
for all vertices v is impossible. Thus for at least one vertex w it can be assumed 
that g(w) 3 8. The rest of the proof of r(H,) G 15 is partitioned into the following 
Lemmas 4 and 5. 
Lemma 4% The green subgraph of any 2-coloring of KS without a green Cd, and 
without a red HS is isomorphic to the graph in Fig. 4. 
proof. 
Case 1. g(v) S 1 for one vertex v of KS. 
Since RV has at least 6 vertices and r( Cd, Cd) = 6 (see [2]) ‘p a green Cd, or with 
v a red HS is guaranteed. 
Fig. 3. me green subgraph of a 2dming of 
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2 1 8 
4 5 6 
IFig. 4. The green subgraah of a 2-coloring of K8 without a green C4, and without a red Ifs. 
&se 2. g(v) > 4 vertex v of K8= 
Let [l, 2,3,4] ubgraph of GV. Any green P3 in [k, 2,3, J] yields a green 
@4, and thus (1,2), T 3), (3,4) and (1,4) can be assumed to be red. More than 
one, or no green e from each of the vertices 5,6,7 to [l, 2,3,4], forces a 
green C4 or a red HS, spectively. More than one green edge from 1,2,3, or 4 to 
[5,6,7] forces a red Therefore (1,5), (2,h) and (3,7) can be assumed to be 
all possible green edges from [l, 2,3,4] to [5, 62 71. To avoid a red Hs in 
[1,2,3,4,7] it follows that (1,3) is green. Then (5,7) green determines a green 
C4 in [I, 3,5,73, and ($7) red forces a red Hs in [2,3,4,5,7].. 
Case 3. g(v) = 2 for all vertices of KS. 
To avoid a green Cs, only a green C8 is possible, or a green C5 together with a 
ver%ex disjoin% t& and in both cases a red Hs is easily found. 
Cme 4. g(v) = 3 for at least one vertex of KS. 
Then a% leas% 2vertices, say 1 and 2, exist with g(1) = g(2) = 3. 
First it is assumed that for every pair v, w with g(v) = g(w) = 3 the graphs GV 
and G,,, are vertex disjoin%. Then G1 and G2 each contain a red P3 if no green C4 
occurs. Each vertex of G1 or G2 is connected by exactly one green edge to the 3 
vertices of Gz or /G1, respectively, since 3 red edges force a red H5 and 2 green 
edges force a green C4. Then the third edges in GL and Gz are also red, since 
otherwise 2 ver%kes v and w exist with g(v) = g(w) = 3, and with a common 
vertex of GV and GW. en, however, in GI together with G2 red graphs Hs occur. 
In the remaining c 2 vertices, say 1 and 2, exist with g(1) = g(2) = 3, and 
Gt = [3,4,5], Gz = [5,6,7], since a% leas% 2 common vertices force a green C4. 1% 
follows %ha% 8 is connected by a% most one green edge to each of G1 and G2 (no 
green Cd), and together with g(8)22 it follows (5,8) is red, and it can be 
assumed (4,8) and (6,8) are red, and ($8) and (7,8) are green. No red Hs yields 
(4,6) green, and then no green C4 implies (3,6), (4,73, (5,6) and (4,5) are red. 
If (3,5) and (5,7) are both green, then a green Cd occurs. Thus by symmetry it
can be assumed that (3,5) is red. Then a red Hs is avoided by (3,4) green, and 
~(3) S 3 implies The remaining 2 edges (5,7) and (6,7) are neither 
both red (a red th green (g(7) 6 31 A% last both green subgrap 
(5,7) green, or wi% ,7) green are isomorphic to that graph sf 
(unlabelled). 
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a 5 Any 2-coloring of I& with g(w) a8 for otie vertex w contains a 
monochromutic graph Hs. 
f. Conrider 8 vertices 1,2, . . . ,8 in GW. The induced green subgraph can be 
assumed to be the graph of Fig. 4 (Lemma 4). ex! consider any vertex x of the 
graph F = [St 10, . e m , 141. 
If (1, X) and (5, X) are both red. and no red H5 occurs, then green edges from x 
to 2,4,6,8 are forced, and also (3, X) cr (7, x), say (3, x), has to be green. Then 
[w, 2,3,4, X] contains a green Hs. Thus (11, X) can be assumed to be green. 
If (2, X) and (8, X) are both red, and no red .H5 occurs, then (3, X) and (7, x), 
and (4, X) or (6, x), say (4, x), have to be green. Then [w, 3,4,7, x] contains a 
green H’. Thus (2, x) can be assumed as green edge. 
It follows by symmetry, that every vertex of F is connected in green to both 
vertices of at least one of the edges (1,2), (4,5), (5,6) and (1,8). It can be 
assumed that 2 vertices of F, say a and b, are both connected by green edges to 1 
and 2. If no green H’ occurs, then all edges from 3,4 and 8 to a and b have to be 
red, and [3,4,8, a, b] contains a red &. 
Theorem 3. r(tP,) = r(H6) = 18. 
Proof. Since Hs and H6 both contain a subgraph KqP the Ramsey number 
r(&) = 18 (see [2]) immediately ensures r(H4) 2 18, and r(H6) 3 18. Since H4 is a 
subgraph of H6, it remains to prove r(H6) s 18. 
Anv 2-coloring of &a contains a monochromatic (say green) K4 = [l, 2,3,4], 
since r(&) * 1s. Z&i: : :xex of Fi = [5,6, . . . , 181 is connected by at least 3 red 
edges to [1,2,3,4], if no green H6 occurs. Altogether there are at least 42 red 
edges between Fl and [l, 2,3,4], so that at least one vertex of [l, 2,3,4], say 1, is 
connected by red edges to at least 11 vertices of F,, say to 5,6, . . . ,I% Since 
r(Kl13 + e, K4) = 10.[2], either these 11 vertices yield a green K4, XX together with 
1 they yield a red k&. 
Again every vertex of 4 = [9,10, . . . , 151 is connected by at least 3 red edges 
to [5,6,7,8], if no green Ha occurs. Altogether there are at least 21 red edges 
between & and [S, 6,7,8], so that at least one vertex of [5,6,7,8], say 5, is 
connected %y red edges to at least 6 vertices of Fz, say to 9,10, . . . ,14. At last 
either a red edge in [9,10, . . . , 141 determines a red H6, or [9,10, . . . ,141 is a 
green &, which contains a green 
Hence, the Ramsey numbers now known for all graphs with at most 5 
vertices, exclttding the complete 
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